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The Existence of Nonconstant Harmonic Functions on Infinite
Vertex-Symmetric Graphs
V. I. TROFIMOV
It is proved that any infinite locally finite vertex-symmetric graph admits a nonconstant harmonic
function.
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1. INTRODUCTION
The graphs considered in this paper are undirected graphs without loops or multiple edges.
For a graph 0, denote by V .0/, E.0/, and Aut0 the vertex set, the edge set, and the auto-
morphism group of 0, respectively. For x 2 V .0/, put 0.x/ D fy j fx; yg 2 E.0/g,
deg.x/ D j0.x/j. A graph 0 is called locally finite if deg.x/ is finite for each x 2 V .0/, and
is called vertex-symmetric if Aut0 acts transitively on V .0/. If 0 is a connected graph, then
d. ; / is the natural metric on V .0/, and, for x 2 V .0/ and n  0, Sx .n/ D fy j d.x; y/ D ng,
Bx .n/ D fy j d.x; y/  ng:
Let 0 be a graph, and x 2 V .0/. A real-valued function ’ on V .0/ is called harmonic in x
if deg.x/ is finite and
deg.x/’.x/ D
X
y20.x/
’.y/:
A real-valued function ’ on V .0/ is called harmonic on 0 if ’ is harmonic in each vertex
of 0. In other words, the harmonic functions on a locally finite graph 0 are exactly the
eigenfunctions belonging to the eigenvalue 0 of the Laplacian (acting on the vector space
over R of all real-valued functions on V .0/), i.e., the solutions of the Laplace equation on 0.
In this paper we are interested in the existence of nonconstant harmonic functions on vertex-
symmetric graphs. Nonconstant harmonic functions on graphs play an important role in the
theory of infinite networks, discrete potential theory and the investigation of random walks
on groups and graphs. Referring to [4, 5, 7] for detailed motivations, we only mention that
the gradient of any nonconstant harmonic function on a connected locally finite graph is
a nontrivial flow on this graph, satisfying Kirchhoff’s node and loop laws, and each flow
satisfying Kirchhoff’s node and loop laws is the gradient of some nonconstant harmonic
function (determined by this up to an additive constant). In the case of vertex-symmetric
graphs, the existence of nonconstant harmonic functions is also of some interest for group
theory.
Obviously, any harmonic function on a finite connected graph is constant. The purpose of
this paper is to prove the following result.
THEOREM. If 0 is an infinite locally finite vertex-symmetric graph, then there exists a
nonconstant harmonic function on 0. If 0 is, in addition, connected and v D deg.x/, where
x is a vertex of 0, then  can be chosen such that
(1)  .x/ D 0, and  .x 0/ D 1 for a vertex x 0 adjacent to x in 0;
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(2) j .y/j  vd.x;y/−1
v−1 for all y 2 V .0/.
REMARK 1. As can be deduced from the proof of the theorem, the bounding function for
j j in (2) may be replaced by a more precise one depending on the growth function of 0.
REMARK 2. The theorem cannot be extended to regular graphs which are not vertex-
symmetric. Let 0 be an infinite connected locally finite regular graph such that there exists
a partition V .0/ D S1iD1 Vi with the following properties: (i) for each i , Vi is finite; (ii) iffy; y0g 2 E.0/ where y 2 Vi and y0 2 Vj , then ji − j j  1; (iii) for each i , there exists
exactly one vertex from Vi adjacent to some vertices from ViC1. (Obviously, such graphs
exist.) Then, for each positive integer k, any harmonic function on 0 restricted to SkiD1 Vi
attains its maximum and minimum at the unique vertex from Vk adjacent to some vertices from
VkC1. Thus any harmonic function on 0 is constant.
REMARK 3. A minor modification of the proof of our theorem leads to the following more
general result (see [5] for definitions): Let 0 be an infinite locally finite graph, and let G be
a vertex-transitive subgroup of Aut0. Then for any G-invariant reversible random walk of
finite range on 0, there exists a corresponding nonconstant harmonic function  on 0. If
the graph 0 is connected and the random walk is of nearest type with one and the same total
conductance at any vertex, then  can be chosen such that (1) and (2) of the theorem hold
for some x 2 V .0/. (In such a modification of the proof, it is assumed that, in the case of a
G-invariant irreducible recurrent random walk, a subgroup H of Aut0, which is isomorphic
to Zn , n D 1 or 2, and has finitely many orbits on V .0/, can be chosen such that the random
walk is H -invariant. The last statement can be deduced from the proof in [3].)
Since any real-valued function on the vertex set of a locally finite graph, which is constant
on each connected component, is harmonic on the graph, it is sufficient to prove the theorem
for connected graphs.
Let 0 be an arbitrary connected locally finite graph. Consider the simple random walk on
0, i.e., the random walk on 0 whose one-step transition probabilities are given by
p.y; y0/ D
( 1
deg.y/ ; if fy; y0g 2 E.0/I
0; otherwise.
The graph 0 is called recurrent if, for any vertices y and z of 0, the probability of reaching z
from y is 1. Otherwise, the graph 0 is called transient. In the following Sections 2 and 3 we
prove our theorem for transient and recurrent graphs, respectively.
2. TRANSIENT GRAPHS
In this section we prove the theorem for transient graphs. By way of contradiction, assume
that a transient vertex-symmetric graph 0 is a counterexample to the theorem, and let x be a
vertex of 0, v D deg.x/.
By the assumption, any real-valued function ’ on V .0/ with the following properties is not
harmonic on 0:
(10) ’.x/ D 0, and ’.x 0/ D 1 for some x 0 2 Sx .1/;
(20) j’.y/j  vd.x;y/−1
v−1 for all y 2 V .0/.
Hence there exist a positive real number " and a positive integer l with the following property:
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(*) if a real-valued function ’ on V .0/ satisfies (10) and is harmonic in each vertex of
Bx .l − 1/, then j’.y0/− ’.y/j > vd.x;y/C" for some fy; y0g 2 E.0/ with d.x; y/ < l.
Indeed, otherwise there would exist a sequence ."i /i0 of positive real numbers tending to
0 and a sequence .li /i0 of positive integers tending to infinity such that for each i there exists
a real-valued function ’i on V .0/ with the following properties: ’i .x/ D 0, ’i .x 0/ D 1 for
some x 0 2 Sx .1/, ’i is harmonic in each vertex of Bx .li −1/, and j’i .y0/−’i .y/j  vd.x;y/C"i
for each fy; y0g 2 E.0/ with d.x; y/ < li . If now x D y0; y1; : : : ; ys is an arbitrary path of
0, then, for all sufficiently large i (for all i with li  s), we have
j’i .ys/j 
s−1X
rD0
j’i .yrC1/− ’i .yr //j 
s−1X
rD0
vrC"i D v"i v
s − 1
v − 1 :
Hence there exists a limit point ’ of the sequence .’i /i0 in the topology of pointwise conver-
gence on the set of real-valued functions on V .0/, and, in addition, j’.y/j  vd.x;y/−1
v−1 holds
for all y 2 V .0/. This implies that ’ is a harmonic function on 0, satisfying (10) and (20), a
contradiction.
By a well-known property of transient graphs, there exists a real-valued function P0 on V .0/
with the following properties:
(i) P0.x/ D 1, and 0  P0.y/  1 for all y 2 V .0/;
(ii) I VDPviD1.P0.x/− P0.xi // > 0 where fx1; : : : ; xvg D Sx .1/;
(iii) P0 is harmonic in each vertex of V .0/ n fxg.
(For example, we can take P0 D G. ;x/G.x;x/ where G. ; / is the Green function of the simple
random walk on 0, see [4, (1.29)].)
Let m be an integer such that m > l and v"
m−l
l −l  1I . Then there exists an edge fz0; z00g
of 0 such that z0 2 Sx .m/, z00 2 Sx .m − 1/ and P0.z00/ − P0.z0/  Ivm . In fact, (ii) and (iii)
imply
I D
X
z02Bx .m−1/
X
z2Sz0 .1/
.P0.z0/− P0.z//
D
X
z02Sx .m−1/
X
z2Sz0 .1/\Sx .m/
.P0.z0/− P0.z//:
Thus, if P0.z0/− P0.z/ < Ivm for all fz; z0g 2 E.0/ with z 2 Sx .m/, z0 2 Sx .m − 1/, then
I < jSx .m − 1/j.v − 1/ I
vm
 v.v − 1/m−1 I
vm
;
a contradiction.
Now suppose that, for an integer j  0, there are edges fz0; z00g; : : : ; fz j ; z0j g of 0 and
real-valued functions P0; : : : ; Pj on V .0/ (where fz0; z00g and P0 were defined earlier) such
that, in the case j > 0, for each 1  i  j the following holds:
(a) d.x; zi−1/  l;
(b) d.zi−1; zi / < l;
(c) jPi .z0i /− Pi .zi /j  vd.zi−1;zi /C";
(d) .Pi−1.z0i−1/− Pi−1.zi−1//Pi D Pi−1 − Pi−1.zi−1/:
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Note, if j > 0, then (c) and (d) imply
jP0.z0j /− P0.z j /j  .P0.z00/− P0.z0//vd.z0;z1/CCd.z j−1;z j /C" j : (1)
In particular, by (i), j cannot be arbitrarily large.
Suppose now that j is as large as possible and set
PjC1 D Pj − Pj .z j /Pj .z0j /− Pj .z j /
(by (c), Pj .z0j / − Pj .z j / 6D 0). Then, by (c) and (d), PjC1 is harmonic in each vertex of
V .0/ n fxg. In addition, PjC1.z j / D 0 and PjC1.z0j / D 1. Since 0 is vertex-symmetric,
it follows from ./ that either d.x; z j / < l, or d.x; z j /  l and there exists an edge
fz jC1; z0jC1g of 0 such that d.z j ; z jC1/ < l and jPjC1.z0jC1/− PjC1.z jC1/j  vd.z j ;z jC1/C":
Since the second possibility contradicts the maximality of j , it follows that d.x; z j / < l. Now
d.z0; z1/ C    C d.z j−1; z j / > d.x; z0/ − l D m − l, and we have j > m−ll > 0 by (b).
Hence according to (1)
jP0.z0j /− P0.z j /j > .P0.z00/− P0.z0//vm−lC"
m−l
l :
But jP0.z0j / − P0.z j /j  1 by (i), P0.z00/ − P0.z0/  Ivm by the choice of fz0; z00g, and
vm−lC" m−ll  vmI by the choice of m, a contradiction.
3. RECURRENT GRAPHS
In this section we prove the theorem for recurrent graphs. Actually we prove here a stronger
result.
Let 0 be an arbitrary infinite locally finite recurrent vertex-symmetric graph, and let x be
a vertex of 0. We show that there exists a harmonic function  on 0 such that  .x/ D 0,
 .x 0/ D 1 for some x 0 2 Sx .1/, and j .y/j  d.x; y/ for all y 2 V .0/.
The structure of the recurrent graph0 is quite restricted. According to [1] (see also [6]) there
exists an imprimitivity system  of Aut0 on V .0/ with finite (maybe one-element) blocks
such that the group .Aut0/ induced by Aut0 on the factor graph 0= contains a subgroup
isomorphic to Zn , where n D 1 or 2, with finitely many orbits on V .0=/. By [3], in this
case Aut0 contains a subgroup isomorphic to Zn with finitely many orbits on V .0/, i.e.,
0 is a generalized n-dimensional lattice. Now according to [2, Theorem 3.6] there exists a
nonconstant harmonic function’ on0 such that the set f’.y0/−’.y/ j fy; y0g 2 E.0/g is finite.
Choose an edge fz; z0g of 0 such that j’.z0/− ’.z/j is maximal. Since 0 is vertex-symmetric,
z D g.x/ for some g 2 Aut0. Put
 .y/ D ’.g.y//− ’.z/
’.z0/− ’.z/ for all y 2 V .0/:
Then  is a harmonic function on 0 such that  .x/ D 0,  .g−1.z0// D 1 where g−1.z0/ 2
Sx .1/, and j .y/j  d.x; y/ for all y 2 V .0/.
This completes the proof of the theorem. 2
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